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EQUIVALENT BIRATIONAL EMBEDDINGS II: DIVISORS
MASSIMILIANO MELLA AND ELENA POLASTRI
Abstract. Two divisors in Pn are said to be Cremona equivalent if there is
a Cremona modification sending one to the other. We produce infinitely many
non equivalent divisorial embeddings of any variety of dimension at most 14.
Then we study the special case of plane curves and rational surfaces. For the
latter we characterise surfaces Cremona equivalent to a plane.
Introduction
Let X1, X2 ⊂ Pn be two birationally equivalent projective varieties. It is natural
to ask if there exists a Cremona transformation of Pn that maps X1 to X2, in
this case we say that X1 and X2 are Cremona equivalent, see Definition 1.1 for
the precise statement. This is somewhat related to the Abhyankar–Moh problem,
[AM] and [Je]. Quite surprisingly the main theorem in [MP] states that this is the
case as long as the codimension of Xi is at least 2. In this work we want to study
the case of divisors. It is easy to give examples of pairs of birationally equivalent
divisors that are not Cremona equivalent. Our approach is to use Log Minimal
Model Program, LMMP for short, and its variants like Sarkisov Theory and Noether
Fano inequalities. Via these techniques we are able to produce many examples of
these inequivalent embeddings in arbitrary dimensions. Moreover we prove that any
irreducible and reduced variety, of dimension at most 14, admits infinitely many non
Cremona equivalent divisorial embeddings. This shows the difficulty of classifying
inequivalent embeddings. This is why we next concentrate on two special classes
of divisors: plane curves and rational hypersurfaces. One can look at Cremona
equivalence as the action of the Cremona group of Pn on the Hilbert scheme of
divisors. For P2 both Cremona group and Sarkisov theory are well understood.
This allows us to address a question posed in [Ii] about minimal degree curves.
In Theorem 3.15 we give a necessary and sufficient condition for a curve to be
of minimal degree under the Cremona equivalence. Even if this description is not
fully satisfactory, it is probably the best one. Pairs like those described in Example
3.18 show that nested infinitely near singularities give unpredictable behaviour
with respect to the Cremona action, and a partial resolution of the singularities
is needed to decide minimality. The second class of divisors we consider is that
of rational hypersurfaces. A nice result proposed by Coolidge state that a plane
curve is Cremona equivalent to a line if and only if κ(P2, C) < 0, see Definition
1.4. This statement has been proved and somewhat strengthened by Kumar and
Murthy, [KM]. Our approach with LMMP techniques gives a new proof of it and
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suggests a possible extension in arbitrary dimension. The idea is to consider a log
resolution, say (S,C), of the pair (P2, C) and translate the hypothesis on Kodaira
dimension into a geometric restriction to the possible contractions occurring along a
LMMP directed by C. In this way we end up on log varieties we are able to control.
This reminded us the ♯-MMP, [Me], where again numerical constrains where used
to control the birational modification occurring along a LMMP. With these two
constructions in mind we are able to prove a Coolidge type statement also for
rational surfaces in P3, Theorem 4.15.
Acknowledgement. We are much indebted to Alberto Calabri and Ciro Ciliberto
for discussions and suggestions. Especially from preventing us to cruise in a wrong
direction in the definition of minimal degree curves. Part of this work has been
done during a pleasant stay at the MSRI. Massimiliano Mella would like to thank
the Institute for providing a perfect environment. The anonymous referee has also
to be warmly thanked for a careful reading and many suggestions that improved
exposition and readability.
After this paper was completed Ciro Ciliberto brought to our attention his work
with Alberto Calabri, [CC], devoted to a detailed study of minimal degree plane
curves.
1. Notations and preliminaries
We work over an algebraically closed field of characteristic zero. We are intere-
sted in birational transformations of log pairs. For this we introduce the following
definition.
Definition 1.1. Let D ⊂ X be an irreducible and reduced divisor on a normal
variety X . We say that (X,αD) is birational to (X ′, αD′), for α ∈ Q, if there exists
a birational map ϕ : X 99K X ′ with ϕ∗(D) = D
′. Let D,D′ ⊂ Pn be irreducible
reduced divisors then we say that D is Cremona equivalent to D′ if (Pn, D) is
birational to (Pn, D′).
Let us proceed recalling a well known class of singularities.
Definition 1.2. Let X be a normal variety and D =
∑
diDi a Q-Weil divisor, with
di ≤ 1. Assume that (KX +D) is Q-Cartier. Let f : Y → X be a log resolution of
the pair (X,D) with
KY = f
∗(KX +D) +
∑
a(Ei, X,D)Ei
We call
disc(X,D) := min
Ei
{a(Ei, X,D)|
Ei is an f -exceptional divisor for some log resolution}
Then we say that (X,D) is
terminal
canonical
}
if disc(X,D)
{
> 0
≥ 0
Remark 1.3. In the case of smooth surfaces the notion of canonical singularities
has a nice and natural interpretation. Any log resolution of a smooth surface can
be obtained via blow up of smooth points. Hence a pair (S,D), with S a smooth
surface has canonical singularities if and only if multpD ≤ 1 for any point p ∈ S.
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Note further that one direction is true in any dimension. Assume that X is
smooth and multpD ≤ 1 for any point p ∈ X . Let f : Y → X be a smooth blow
up, with exceptional divisor E. Then KY = f
∗(KX)+ aE for some positive integer
a and a(E,X,D) ≥ a− 1 ≥ 0. This proves that (X,D) has canonical singularities
if X is smooth and multpD ≤ 1 for any p ∈ X .
To investigate pairs of divisor and variety it is useful to introduce the following
notation.
Definition 1.4. Let (X,D) be a pair, with D =
∑
diDi and 0 ≤ di ≤ 1. Fix
f : Y → X a log resolution with DY = f−1∗ D the strict transform. We indicate
with κ(X,D) := κ(Y,DY ), where κ(Y,DY ) is the transcendence degree of of the
ring ⊕mH0(Y,m(KY +DY )) minus 1.
For future reference we recall a technical result on pseudoeffective divisors, i.e.
the closure of effective divisors.
Lemma 1.5. Let (X,DX) and (Y,DY ) be birational pairs with canonical singular-
ities. Then KX +DX is pseudoeffective if and only if KY +DY is pseudoeffective.
Proof. It is enough to prove the statement when there is a morphism f : Y → X
such that DY = f
−1
∗ DX . Assume that KY +DY is pseudoeffective and let A be a
general ample divisor on Y . Then for any ǫ > 0 KY +DY + ǫA is effective. Hence
f∗(KY +DY +ǫA) = KX+DX+f∗(ǫA) is effective, andKX+DX is pseudoeffective.
Assume that KX +DX is pseudoeffective then KY +DY = f
∗(KX +DX) +∆, for
some effective divisor ∆. Hence KY +DY is pseudoeffective. 
While working on plane curves we frequently use ruled surfaces to fix the nota-
tions we recall the following definition.
Definition 1.6. Let Fa := P(O ⊕ O(−a)) be the Hirzebruch surface. Then the
exceptional section ( a fibre for a = 0) will be called Ca0 and a fibre f .
In the final section we shall use some standard Cremona maps of P3, see for
instance [SR], and birational modifications of scrolls. We find it convenient to group
them here. Following [SR] a Cremona map given by forms of degree a and such that
inverse is given by forms of degree b is said to be of type Ta,b.
Construction 1.7 (T2,3). Let l ⊂ P3 be a line and p1, p2, p3 three general points.
The linear system of quadrics through this configuration is homaloidal and gives
rise to a Cremona transformation of type T2,3. For our purpose the following facts
are important:
the rational normal curves secant to l and passing through the pi’s are sent to
lines;
the plane P spanned by the pi’s is contracted to a line by the linear system of
conics through the pi’s and the point of intersection l ∩ P .
Construction 1.8 (T3,3). Let Γ ⊂ P3 be a rational normal curve. Two general cubics
containing Γ intersect along Γ ∪ C. Then the linear system of cubics through C is
homaloidal and produces a Cremona transformation of type T3,3. It is a pleasant
exercise to check that any rational cubic with isolated singularities is contained in
one such linear system, and is therefore Cremona equivalent to a plane.
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Definition 1.9. Let X := P(E) → P1 be a scroll with F a fiber. Fix a point
x ∈ F ⊂ X . Then the elementary transformation centred at x is
elmx : X 99K X
′
the composition of the blow up of x and the contraction of the strict transform of
F . Then X ′ is still a scroll over P1.
Let X := P(E) → W be a scroll over a surface, and Γ ⊂ X a smooth curve
section. Let π : X → W be the scroll structure and SF := π
∗(π∗(Γ)). Then the
elementary transformation centred at Γ is
elmΓ : X 99K X
′
the composition of the blow up of Γ and the contraction of the strict transform of
SF . Then X
′ is still a scroll over W .
Construction 1.10. A nice feature of these elementary transformations is the fol-
lowing. Let X be a 3-fold scroll overW , and S ⊂ X a smooth surface section. Then
π|S : S → W is a birational map. Let D ⊂ X be a general surface section and
Γ := S ∩D. Then we have elmΓ(S) ∼=W .
2. Existence results
We expect that any projective variety has infinitely many non Cremona equiv-
alent divisorial embeddings. A slight variation of [MP, Lemma 3.1] together with
the remarkable work of Mather, [Ma1], [Ma2], [Ma3] allows us to prove it under a
dimensional bound.
Theorem 2.1. Let X be an irreducible reduced projective variety of dimension
k. Assume that k ≤ 14 then there are infinitely many non Cremona equivalent
embeddings of X in Pk+1.
To prove the theorem we recall in a slightly generalised form [MP, Lemma 3.1].
Lemma 2.2. Let Xn−1 be an irreducible and reduced projective variety. Let L and
G be linear systems of projective dimension n. Let ϕL and ϕG be the induced map
into Pn. Assume that ϕL(X) and ϕG(X) are divisors of degree, respectively, l, and g,
with l > g. If ϕL(X) is Cremona equivalent to ϕG(X) then the pair (P
n, n+1l ϕL(X))
has not canonical singularities.
Proof. Let Φ : Pn 99K Pn be a Cremona equivalence between ϕL(X) and ϕG(X).
Fix a resolution of Φ
Z
p
~~}}
}}
}}
}} q
  A
AA
AA
AA
A
Pn
Φ
// Pn
Then we have
OZ ∼ p
∗(O(KPn +
n+ 1
l
ϕL(X)) = KZ +
n+ 1
l
XZ −
∑
aiEi
and
q∗(O(KPn +
n+ 1
l
ϕG(X)) = KZ +
n+ 1
l
XZ −
∑
biFi
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where Ei, respectively Fi, are p, respectively q, exceptional divisors. Let r ⊂ Pn be
a general line in the right hand side Pn. Then the hypothesis l > g yields
0 > q−1r · (q∗(O(KPn +
n+ 1
l
ϕG(X)) +
∑
biFi) = (
∑
aiEi) · q
−1r
This proves that at least one ai < 0 proving the claim. 
Proof of Theorem 2.1. Without loss of generalities we may assume thatX is smooth
of dimension k. Fix A, B very ample linear system of degree at least (k+1)(k+2).
Consider two general sublinear system L ⊂ A and G ⊂ B both of projective dimen-
sion k + 1. Let X1 = ϕL(X) ⊂ Pk+1 and X2 = ϕG(X) ⊂ Pk+1. We already noticed
in Remark 1.3 that if the multiplicities of a pair are bounded by 1 the pair has
canonical singularities. Hence Lemma 2.2 shows that X1 and X2 are not Cremona
equivalent as long as degX1 > degX2 and
max
x∈X1
{multxX1} ≤
degX1
k + 2
If k = dimX ≤ 14 then by Mather transversality [Ma1] [Ma3], see also [BE], a
general projection has points of multiplicity at most k+1. Then X1 is not Cremona
equivalent to X2. 
Remark 2.3. Mather’s results are optimal as explained by Lazarsfeld, [La, Theorem
7.2.19] see also [BE]. In general it is not known a bound, depending only on the
dimension, for the singularities of a general projection. In [BE] it is proposed a
conjectural bound on the Mumford regularity instead of the multiplicity of the
fiber of a general projection.
Via Lemma 2.2 it is easy to give examples of inequivalent embeddings in arbitrary
dimension. Consider a smooth codimension two subvariety Xa,b ⊂ Pk+2 given by
the complete intersection of a form of degree a with a form of degree b, for a ≤ b.
Then a general projection to Pk+1 has degree ab and points of multiplicity at most
a. On the other hand projecting from a general point of X produces a birational
embedding of X of degree ab − 1. By Lemma 2.2 these two embeddings are not
birational equivalent as long as b ≥ k + 2. Theorem 2.1 and these examples show
that the classification of inequivalent embeddings is almost hopeless for a general
variety. On the other hand there are special classes of varieties for which something
more can be said.
3. Plane curves
In this section we study the Cremona equivalence for plane curves. Our aim is
to describe minimal degree representative in each class of Cremona equivalence.
Definition 3.1. Let C ⊂ S be an irreducible reduced curve on a smooth surface
S. Let Sing∞(C) = {pi} be the set of, possibly infinitely near, points with mi =
multpi C > 1, and mult(C) = {mi} the associated set of multiplicities. We always
order the pi in such a way that mi ≥ mi+1.
It is clear that any pair (P2, C) is birational to a pair (Fa, C˜). Our first aim is
to choose a nice representative of the pair (P2, C). This is a slight variation on the
usual Sarkisov program for log surfaces, [BM].
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Proposition 3.2. Let C ⊂ P2 be an irreducible reduced curve of degree d. Then
(P2, C) is birational to one of the following:
(P2, l) l ⊂ P2 a line (P2, C) C ∼ O(d′)
KP2 +
3
d′C ≡ 0
(P2, 3d′C) terminal
(F0, C) C ∼ αC00 + βf (Fa, C) C ∼ αC
a
0 + βf
KFa +
2
αC nef KFa +
2
αC nef
(F0,
2
αC) terminal (Fa,
2
αC) canonical
(Fa,
2
αC) terminal along C
a
0
Proof. We prove the statement by induction on the degree of C. Assume that
(P2, 3dC) is not terminal hence
(1) m1 ≥
d
3
If d−m1 = 1, then C is Cremona equivalent to a line.
Assume that d−m1 ≥ 2 and let ǫ : F1 → P2 be the blow up of p1. Let
C = ǫ−1∗ C ∼ (d−m1)C
1
0 + df
be the strict transform. Then
C · C10 = m1,
and we have
(KF1 +
2
d−m1
C) · C10 = −1 +
2m1
d−m1
≥ 0
In particular
KF1 +
2
d−m1
C is nef
In the following we will always denote C the strict transform of C on the various
birational models.
Claim. There is a chain of elementary transformations ϕ : F1 99K Fb, such that
(Fb,
2
d−m1
C) has canonical singularities and it is terminal in a neighbourhood of
Cb0.
Proof of the Claim. Let p ∈ C be a non canonical point, then multp C >
d−m1
2
.
Let φ : F1 99K F1±1 be the elementary transformation centered in p. Then φ(C)
acquires a point, say q, of multiplicity mq with
mq = d−m1 −multp C <
d−m1
2
.
Hence after finitely many of those modifications this produces a pair (Fh, C) with
canonical singularities. Next we want to move the canonical singularities away from
the exceptional section Ch0 . To do this we apply again a chain of elementary trans-
formations centered on canonical points contained in the exceptional section. Let
us understand better the latter chain. Let p ∈ C∩C0 be a non terminal point. That
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is multp C =
d−m1
2
. Let φ : Fh 99K Fh+1 be the elementary transformation centered
at p. Then φ(C) has a new point q 6⊂ Ch0 of multiplicity
mq = d−m1 −
d−m1
2
=
d−m1
2
.
At the same time the singularity along Ch+10 has been simplified. This means that
after finitely many elementary transformations we obtain a pair (Fb,
2
d−m1
C) canon-
ical and terminal in a neighbourhood of Cb0. 
Let
C ∼ (d−m1)C
b
0 + βf
If b ≥ 2 we have finished because KFb · C
b
0 ≥ 0. Assume that b = 1 and
KF1 +
2
d−m1
C is not nef
then
2
d−m1
(m1 − d+ β) < 1
that is
2β < 3(d−m1)
By equation (1) this yields
β < d.
In other words C is birational to a plane curve of degree β < d and we conclude by
induction on the degree. Assume finally that b = 0 and
KF0 +
2
d−m1
C is not nef
then β < (d−m1). This time we change the ruling of F0 and repeat the argument
for (F0,
2
βC). The coefficients used are in
2
N
, therefore after finitely many steps we
find the required model. 
Definition 3.3. Let C ⊂ P2 be a curve. A standard model of (P2, C) is a birational
pair (S,C) obtained via the construction of Proposition 3.2.
The main difficulty in using these models is that they are not always unique.
Remark 3.4. Thanks to the uniqueness of minimal models for surfaces the nef
models with terminal singularities are unique. Note that in presence of canonical
singularities the uniqueness is lost. Let C ⊂ P2 be a 6-ic curve with an ordinary
double point and a tac-node. If we blow up the ordinary double point we end up
with a model (F1,
1
2
C). While resolving the tac-node we produce a model (F2,
1
2
C).
Even if not unique the above models allow us to choose minimal degree repre-
sentative in every Cremona class. Let us start with the following.
Proposition 3.5. Let (S,C) and (S′, C′) be two birational, not biregular, mo-
dels in the list of Proposition 3.2. Then both S and S′ are ruled surfaces. Let
Φ : (S,C) 99K (S′, C′) be a birational map of the pairs and assume that
C ∼ αC0 + βf and C′ ∼ α′C′0 + β
′f . Then
i) α = α′;
ii) if κ(S, 2/αC) = 1, then Φ is an isomorphism on the generic fibre of the
ruled surfaces.
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Proof. Let us first prove that S and S′ are ruled surfaces. We already noticed
that nef terminal models are unique. Hence we may assume that (S,C) is not
(P2, C). Observe that κ(P2, αl) = κ(P2, αl) < 0 for any α ≤ 1. Note that by our
construction, when S is a ruled surface and (S, 2/αC) is a model in the list we have
2/α ≤ 1 and
(2) (KS +
2
α
C) · f = 0,
where f is a ruling of S. Hence we have κ(S, 2/αC) ≥ 0. This shows that (P2, l) is
not birational to other pairs.
Assume that α′ ≥ α. By construction (S, 2/αC) has canonical singularities.
Hence (S, 2/α′C) has canonical singularities and we have
(3) κ(S, 2/α′C) = κ(S′, 2/α′C′) ≥ 0.
On the other hand, as already observed in equation (2), every ruled surface, in our
list, satisfies
(KS + 2/αC) · f = 0,
with f a ruling of S. This, together with equation (3) yields α = α′. Assume that
κ(S, 2/αC) = 1, then S ∼= Fa and S′ ∼= Fa′ . The fibre structure on Fa is, again by
equation (2), the log-Iitaka fibration of the pair. Therefore it is preserved by any
birational map of the pair. 
Remark 3.6. Note that Proposition 3.5 (ii) is false for pairs with zero log-Kodaira
dimension. Consider a sestic C with at least four ordinary double points. Then
blowing up the fourth node realizes a model but one can equivalently apply a
standard Cremona transformation on the first three nodes and then blow up the
fourth.
Remark 3.7. Let D ∼ αCa0 + βf be an irreducible curve in Fa. Let elmp : Fa 99K
Fa±1 be the elementary transformation based on a point p of multiplicity m for the
curve D. Let D′ = elmp∗(D) ∼ aC
a±1
0 + b
′f the strict transform. Then according
to the position of p with respect to C0 we have
β′ = β −m if p 6∈ Ca0 , β
′ = β + (α−m) if p ∈ Ca0
Definition 3.8. An irreducible and reduced curve C ⊂ P2 is a minimal degree
curve if it is not Cremona equivalent to any curve of lower degree.
We are ready to put the first brick.
Lemma 3.9. Let C ⊂ P2 be a curve of degree d > 1, with multiplicity set {mi}.
Assume the following
a) m1 ≥ d/3
b) C is a minimal degree curve
c) (S,C) is a model of (P2, C) in the list of Proposition 3.2, with S 6= P2 and
C ∼ αC0 + βf
d) κ((S, 2/αC) = 1
Then α = d −m1, S ∼= Fa and the general fibre of Fa is the strict transform of a
line through p1.
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Remark 3.10. Let us stress that the pair (P2, 3/dC), as in the statement of Lemma
3.9, has at most two places of non canonical singularities on P2. If moreover the
places are two then all other singularities are terminal, again the assumption on
Kodaira dimension is crucial. We would like to thank Alberto Calabri and Ciro
Ciliberto for pointing this out to us while we where cruising in wrong directions.
Proof. Let ν : F1 → P2 be the blow up of p1. Then
ν−1∗ (C) = C ∼ (d−m1)C
1
0 + df
If either m2 <
d−m1
2
or m2 >
d−m1
2
and m3 <
d−m1
2
we produce a terminal model,
therefore unique, and the claim is clear.
If m2 >
d−m1
2
and m3 ≥
d−m1
2
then assumption b) forces all non terminal points
to lie on the exceptional section. Let (Fa, C˜) be a standard model of (P
2, C). Let
C˜ ∼ αCa0 + β˜f , then we have.
Claim. The general fibre of Fa is a line through p1 and α = d−m1.
Proof of the claim. The standard model (Fa, C˜) is obtained via a chain of elemen-
tary transformations, starting from the blow up of a point of maximal multiplicity
of C. In particular the general fibre, after this blow up, is a line passing through p1.
The only ruled surface with two fibre structures is F0. Hence to change the general
fibre the chain of elementary transformations has to go back to F0, and henceforth
to F1. Let ψ : Fa 99K F1 such a map, and
C := ψ∗(C) ∼ (d−m1)C
1
0 + df
be the strict transform of C on F1. Then by Remark 3.7 we have
d = d+
k∑
1
((d−m1)− µ
0
j)−
k∑
1
µh
where µ0j are the multiplicities of points successively lying on the exceptional section
and µh are the multiplicities of points lying outside of it. Note that by construction
both µh and µ
0
j are bounded from below by
d−m1
2
. Furthermore by hypothesis we
have µ01 = m2 >
d−m1
2
. Therefore the existence of such a chain produces a plane
curve of degree d′ < d Cremona equivalent to C. 
The claim and Proposition 3.5 allow to conclude in this case.
Assume now that m2 =
d−m1
2
. Let (Fa, C˜) be a standard model. Then we only
blow up points on the exceptional section. In particular no chain of elementary
transformation can land on F0. This is enough to conclude again by Proposition
3.5. 
Definition 3.11. Let Σ ⊂ Fa be a (possibly reducible) section, f1 and f2 two fibres
and Σ˜ ∼ Σ+ f an irreducible section. The linear system
ΛΣ = {Σ+ f1,Σ+ f2, Σ˜}
is called a planar linear system associated to Σ. Let ϕ : Fa 99K P
2 be the map
associated to ΛΣ and D ⊂ Fa an irreducible curve. Then (P2, ϕ∗(D)) is called the
plane model of (Fa, D) associated to ΛΣ.
Remark 3.12. Every rational map Fa 99K P
2 sending the general fibre of Fa to a
line is given by some planar linear system.
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As a foreword to the next Proposition we want to spend few lines on these
linear systems. Let ΛΣ = {Σ+ f1,Σ+ f2, Σ˜} be a planar linear system on Fa, and
ϕ : Fa 99K P
2 the rational map associated. The base locus of ΛΣ is given by
BsΛΣ = Σ ∩ Σ˜
and the morphism ϕ can be factored as follows. Let θ : Fa 99K F1 be the chain of
elementary transformations centered along BsΛΣ. Then we have θ∗(Σ) = C
1
0 ⊂ F1.
Let ν : F1 → P2 be the contraction of the exceptional section C10 . In this notation we
have ϕ = ν ◦θ. In particular given an irreducible curve D ⊂ Fa with D ∼ αCa0 +βf
then
θ∗(D) · C
1
0 = D · Σ−
∑
µi
where the µi are the multiplicities of D along BsΛΣ. Hence the curve ϕ∗(D) ⊂ P2
has degree
(4) degϕ∗(D) = D · Σ−
∑
µi + α.
Our next aim is to single out special planar systems. Consider a standard model
(Fa, C). Let ν : Fa 99K Fb be a chain of elementary transformations that resolve the
singularities of C along the exceptional section. Let Cˆ := ν∗(C) ∼ αCb0+β
′f be the
strict transform. Note that (Fb,
2
α Cˆ) has not canonical singularities. Let x1 6∈ C
b
0
be a point and elmx1 : Fb 99K Fb−1 the elementary transformation centered at
x1. Recursively choose a point xi ∈ Fb−i−1 \ C
b−i−1
0 and perform the elementary
transformation centered at xi. Then after b− 1 steps we have
ψx1,...xb−1 := ǫ ◦ elmxb−1 ◦ · · · ◦ elmx1 : Fb 99K P
2
where ǫ is the blow down of the (−1)-curve on F1. In particular (ψx1,...xb−1)∗(Cˆ) is
a curve of degree
(5) Cˆ · (Cb0 + (b − 1)f)−
b−1∑
1
µi + α = β
′ −
b−1∑
1
µi
where µi = multxi Cˆ.
Definition 3.13. Let (Fa, C) be a model of Proposition 3.2. Let ν : Fa 99K Fb be
a chain of elementary transformations that resolve the singularities of C along C0.
Let Cˆ := ν∗(C) be the strict transform. Let {x1, . . . , xb−1} be a set of points as in
the above construction. We say that {x1, . . . , xb−1} is minimal for Cˆ if
∑
multxi Cˆ
is maximal. Consider the planar linear system on Fb
ΛCb
0
:= {(Cb0 +
|b−1|∑
1
fi) + f0, (C
b
0 +
|b−1|∑
1
fi) + fb, Σ˜}
where {Σ˜∩ fi}
b−1
i=1 , is a minimal set for C˜. Then the plane model associated to ΛCb
0
will be called a minimal plane model for (Fa, C).
Remark 3.14. Unfortunately the definition of minimal plane models requires a par-
tial resolution of singularities. Note that, in general, this cannot be avoided. To
convince yourself it is enough to consider a standard model with a unique, nested,
singularity along the exceptional section. The hidden contribution coming from the
singularity could drop the degree much more than the smooth points outside, cfr.
Example 3.18
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With this in mind we are ready for the following
Theorem 3.15. Let C ⊂ P2 be a curve, with multiplicity set {mi}. The curve C
is a minimal degree curve if and only if either m1 < d/3 or it is a minimal plane
model or it is a line.
Proof. Let (P2, Cmin) be a minimal degree curve. Assume that Cmin is not a
line and m1 ≥ d/3. Then a standard model is a ruled surface. Let (Fa, C) be a
standard model for (P2, Cmin). Let ν : F1 → P2 be the blow up of a point p ∈ Cmin
of maximal multiplicity. Let C˜ = ν−1∗ (Cmin) be the strict transform, and E ⊂ F1
the exceptional section.
Let C ∼ αCa0 + βf , and assume κ(Fa, 2/αC) = 1. Then, by Lemma 3.9 and
its proof, there is a sequence of elementary transformations Φ : F1 99K Fa, leading
(F1, C˜) to (Fa, C), with Φ∗(E) = C
a
0 . Let χ : Fa 99K Fb be a resolution of the
singularities of C along Φ∗(E), with Cˆ = χ∗(C) ∼ αCb0 + β
′f . Then the linear
system taking (Fb, Cˆ) to (P
2, Cmin) is a planar linear system associated to ΛCb
0
,
keep in mind Definition 3.13. Hence Cmin is a minimal plane model.
Assume that κ(Fa, 2/αC) = 0 then a ≤ 2.
Claim. A standard model of (P2, Cmin) is obtained with at most one elementary
transformation.
Proof of the Claim. Let ν : F1 → P
2 be the blow up of p1 ∈ Cmin ⊂ P
2 and assume
that (F1, ν
−1
∗ (Cmin)) is not the model. If we have either p2 6∈ C
1
0 or p3 6∈ C
1
0 . Then
minimal degree forces Fa to be either F0 or F2 with m3 ≤ (d−m1)/2, and the claim
is clear.
Assume p2, p3 ∈ C10 , and m3 ≥ (d − m1)/2. The requirement on Kodaira di-
mension forces every model to have a ≤ 2. Therefore, after maybe the first, any
elementary transformation centered on the exceptional section has to be balanced
by an elementary transformation centered outside the exceptional section. If this
chain of elementary transformations take us back onto F2 with a curve C˜ ⊂ F2 then
C˜ ∼ (d−m1)C
2
0 + (d+
s∑
1
((d−m1)− µ
0
j)−
s−1∑
1
µh)f
where µ0j and µh are the multiplicity of points on C
2
0 , respectively, outside C
2
0 .
The standard model construction yields µ0j ≥ (d − m1)/2 and µh > (d − m1)/2.
If (F2, 2/αC˜) is not terminal the projection from a non terminal point produces a
curve of degree
d˜ ≤ d+
s∑
1
((d−m1)− µ
0
j)−
s−1∑
1
µh − (d−m1)/2 < d
If (F2, 2/αC˜) is terminal then it is the standard model and C˜ · C
2
0 = 0. In
particular µh = d −m1, for any h = 1, . . . , s − 1, hence a general projection of C˜
onto P2 has degree
d˜ = d+
s∑
1
((d−m1)− µ
0
j)− (s− 1)(d−m1) < d.

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The claim is enough to conclude that Cmin is a minimal plane model of (Fa, C).
We need to prove that the curves described are of minimal degree. If (P2, C)
satisfies m1 < d/3, then it is a minimal degree curve by Lemma 2.2, a line is clearly
of minimal degree. Assume that (P2, C) has m1 ≥ d/3, it is not a line and it is a
minimal plane model. Let (Fa, C) be a standard model, with C ∼ αCa0 + βf .
We first prove that minimal plane models are minimal degree curves between all
planar models of (Fa, C).
Claim. Minimal plane models of (Fa, C) have minimal degree among all planar
models of (Fa, C).
Proof of the Claim. Let
ΛΣ = {Σ+ f1,Σ+ f2, Σ˜},
be a planar linear system, with Σ ∼ Cb0 + γf . Then we have
Σ · Σ˜ = 2γ + 1− b,
and, by equation (4), the plane model associated to ΛΣ has degree
(6) δΣ = Σ · Cˆ −
2γ+1−b∑
1
µi + α = α(γ − b+ 1) + β
′ −
2γ+1−b∑
1
µi
where the µi are multiplicities of Cˆ at the centres of elementary transformations.
To prove the claim we have to check that the degree of the plane curve produced
by the planar linear system associated to the section ΣCb
0
= Cb0+(b−1)f is at most
δΣ. Hence, keeping in mind equations (5), and (6), we have to check that
−
b−1∑
1
µ0i ≤ α(γ − b+ 1)−
2γ+1−b∑
1
µi
where µ0i are the multiplicities associated to the planar linear system ΛΣCb
0
, and µi
are the multiplicities associated to the planar linear system ΛΣ. There is a unique
curve with negative self intersection on F1. Hence at least b− 1 points of Σ · Σ˜ are
outside the exceptional section. Moreover (Fa, 2/αC) is a standard model therefore
there are at most b − a points of multiplicity strictly greater than α/2, and this
points are outside the exceptional curve. That is we may assume, after reordering
the indexes,
b−1∑
1
µ0i ≥
b−1∑
1
µi
Then we have to check that
α(γ − b+ 1)−
2γ+1−b∑
b
µi ≥ 0
Moreover, we have that
µi ≤
α
2
for i > b− a
then
α(γ − b + 1)−
2γ+1−b∑
b
µi ≥ α(γ − b + 1)− 2(γ − b+ 1)α/2 = 0.

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Next we prove that it is enough to consider planar models of (Fa, C).
Claim. We may assume that any minimal degree plane curve birational to (Fa, C)
is obtained via a planar model of (Fa, C).
Proof of the Claim. If κ(Fa, 2/αC) = 1, we know by Lemma 3.9, and Remark 3.12,
that any minimal degree plane curve birational to (Fa, C) is obtained via a planar
linear system.
Assume that κ(Fa, 2/αC) = 0 and let (Fa, C) and (Fb, C˜) be two birational
models in the list of Proposition 3.2. We may assume, without loss of generality,
that a = 1 and b = 2. The vanishing of Kodaira dimension and α uniquely determine
the linear equivalence class of C and C˜, namely
C ∼ αCa0 +
3
2
αf and C˜ ∼ αCb0 + 2αf
Note further that the existence of two models forces the presence of a canonical
singularity. Therefore the minimal plane models obtained by the two have equal
degree 3
2
α. 
The two claims conclude the proof of the Theorem. 
The main question is: can we describe minimal plane model curves (without
going through a partial resolution)? We do not expect to have a positive answer
in general. In the positive direction there is a nice result of Jung, we are able to
recover.
Corollary 3.16 ([Ju]). Let C ⊂ P2 be a curve with m1+m2+m3 ≤ d. Then C is
a minimal degree curve.
Proof. The assumption forces mi ≤ (d − m1)/2. Therefore a minimal plane
model is reached by performing the inverse of a resolution of singularities along the
exceptional section. 
Unfortunately the opposite direction is not true, even discarding the trivial ex-
ample of lines.
Example 3.17. Let C ⊂ P2 be a curve of degree 7 with a point of multiplicity 4
and two infinitely near double points. Then it is easily seen that C is a minimal
curve.
The difficulty in predicting minimality for plane curves can be seen in the fol-
lowing example.
Example 3.18. Let Di ⊂ F3 be irreducible and reduced curves with Di ∼ 3C30+11f .
Assume that D1 has a unique ordinary double point, say p1 ∈ C30 and D2 has a
unique ordinary double point, say p2 ∈ F3 \ C30 . The pair (F3, Di) is birational to
a pair (P2, Ci). Where Ci is a degree 9 curve with a six-tuple point and 3 infinitely
near double points. The main difference, that we can only divine on the resolution,
is that C1 is a minimal degree curve, while C2 is birational to a curve of degree 8
with a quintuple point and an infinitely near double point.
It is easy to produce similar examples of arbitrarily nested singularities.
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4. Rational surfaces
It is natural to ask when a rational hypersurface is Cremona equivalent to a
hyperplane. The unique case in which an answer to the above question is known is
that of rational curves. Coolidge, [Co], first suggested that this should be the case
if and only if κ(P2, C) < 0. Kumar–Murthy, [KM] see also [Ii, Proposition 12], were
able to prove Coolidge statement and refine it a little bit. Approaching the question
via LMMP we found an alternative proof.
Proposition 4.1. A rational plane curve C is Cremona equivalent to a line if and
only if κ(P2, 1/2C) < 0.
Proof. We have only to prove that if κ(P2, 1/2C) < 0 then C is Cremona equi-
valent to a line. Let g : S → P2 be a minimal resolution of singularities, with
CS = g
−1
∗ (C). Then by hypothesis we have κ(S, 1/2CS) < 0. Let us start a LMMP
program for the pair (S, 1/2CS). Then by construction every curve contracted dur-
ing the LMMP satisfies
(K + 1/2C) · E < 0
where K is the canonical class and C the strict transform of the curve C. This
means C · E < 2. In particular the output of a LMMP is a pair (S, 1/2C) with C
smooth and KS + 1/2C negative on infinitely many curves. If S is P
2 the claim is
clear. Otherwise S is a rational ruled surface, C is a smooth rational curve and
(7) (KS + 1/2C) · f < 0,
where f is a fiber in a ruling of S. If C is a section of a ruling, or a fiber then the
claim is clear. Assume that this is not the case and let S ∼= Fa, and C ∼ αCa0 +βf ,
for some α ≥ 2. Then by equation (7) we have 2 ≤ α ≤ 3, and genus formula gives
−2 = ((−2 + α)C0 + (−2− a+ β)f) · (αC0 + βf) =
= α(a(α − 2) + (β − a− 2)) + β(α − 2)
The assumption that C is irreducible and it is not a section shows that the only
possibility is a = 1 and α = β = 2. That is (S,C) is equivalent to a plane conic and
therefore to a line. 
Remark 4.2. The proof shows that the numerical hypothesis on log-Kodaira dimen-
sion allows to choose a Mori fiber Space structure particularly “nice” for the curve
C.
The case of plane curves has been studied from many different points of view.
Various other necessary and sufficient conditions are known, see [FLMN] for a nice
survey. Probably the most tempting conjecture is Nagata–Coolidge’s prediction
that every cuspidal rational curve is Cremona equivalent to a line, [Co] [Na]. For
this we do not see any translation into LMMP dictionary.
It is quite natural to ask for generalisations in higher dimensions. The main
difficulty is the poor knowledge of Cremona group starting from P3.
The case of surfaces is already quite mysterious. It is easy to show that quadrics
and rational cubics are Cremona equivalent to a plane, see Case 4.19 below. Rational
quartics with either 3-ple or 4-uple points are again easily seen to be Cremona
equivalent to planes, the latter are cones over rational curves Cremona equivalent
to lines.
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It has been expected that Noether quartic should be the first example of a
rational surface not Cremona equivalent to a plane, but this is not the case.
Example 4.3. Let S ⊂ P3 be the Noether quartic. That is a quartic with a unique
double point of local analytic type O ∈ (x2 + f3 + g4 = 0) ⊂ C3(x, y, z). We may
assume that the equation of S is
(x20x
2
3 + f3x3 + g4 = 0) ⊂ P
3
with p ≡ [0, 0, 0, 1] ∈ S the unique singular point. Let ǫ : Y → P3 be a weighted blow
up of p, with weights (2, 1, 1) on the coordinates (x0, x1, x2), and exceptional divisor
E. Then we have ǫ∗(x0 = 0) = H + 2E and ǫ|H : H → (x0 = 0) is an ordinary
blow up. Let l ⊂ (x0 = 0) be a line through p, and lY its strict transform. Then we
have H · lY = −1 and KY · lY = −1. This shows that we can contract H to a curve.
Let µ : Y → V be the contraction of H. To understand V let us first observe that
rkPic(V ) = 1. Then consider a general line p ∈ r ⊂ P3 and rY , respectively rV its
strict transforms. By construction
(8) KV · rV = KY · rY = (ǫ
∗(KP3) + 3E) · rY = −4 +
3
2
= −
5
2
This shows that V is a Q-Fano 3-fold of Fano index at least 5/2 and with a singular
point of type 1/2(1, 1,−1). It is well known, see for instance [CF], that V is the
cone over the Veronese surface. Further note, for future reference, that equation (8)
also shows that κ(P3, tS) < 0 for any t < 5/4.
For what follows it is important to understand this birational modification in
terms of linear systems of P3. Consider the linear system Λ ⊂ |O(2)|, of quadrics
with multiplicity 2 on the valuation E. That is quadrics, say Q, through p with
TpQ ⊇ (x0 = 0). Then we have dimΛ = 6 and V := ϕΛ(P3) ⊂ P6 is the cone over
the Veronese surface in P5. Moreover the strict transform of the surface S
SV := ϕΛ(S)∗ = (µ ◦ ǫ
−1)∗(S) ∈ |OV (2)|,
is a smooth surface in V .
Our next aim is to project the pair V birationally onto a cubic 3-fold T ⊂ P4 in
such a way that SV is sent to an hyperplane section. To do this we have to produce
a birational linear system, say C, of dimension 4 and containing SV .
Let A1 be a general hyperplane section of V and consider Γ := A1∩SV , a smooth
irreducible curve. Fix C ⊂ SV a general smooth conic, and let
B = {B0, B1, B2, B3} = |OV (1)⊗ IC |,
be the linear system of hyperplanes containing C.
The desired linear system is then
C = {SV , A1 +B0, A1 +B1, A1 +B2, A1 +B3} ⊂ |OV (2)|
Let ϕ = ϕC : V 99K P
4 the rational map associated.
We have to prove that ϕ is birational onto the image and compute the degree of
ϕ(V ). To do this we have to understand the intersection of elements in C.
By construction
SV · (A1 +Bi) = Γ + C +Ri
for some residual curve Ri ⊂ Bi and
Bj|Bi = C +Dji,
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for some residual curve Dji. Let v : P
2 → Bi be the 2-Veronese embedding. In this
notations v∗(C) is a line, v∗(SV |Bi) ∼ O(4) and v
∗(Bj|Bi) ∼ O(2). This yields the
following:
(a) Ri is the image of a cubic curve via the Veronese map v;
(b) v∗(Dji) ∼ O(1).
This gives (Dji · Dhi)Bi = 1, and (Ri · Dji)Bi = 3. Hence ϕ is birational and
degϕ(V ) = 3. This means that ϕ(V ) is a rational, hence singular, cubic hypersur-
face and ϕ(SV ) is an hyperplane section. Then the projection from a singular point
of ϕ(V ) realizes ϕ(SV ) as a rational surface of degree at most three in P
3. This is
enough to conclude.
This example and the proof of Proposition 4.1 suggest that a result similar to
Proposition 4.1 is at hand also for P3. To get it we have to slightly modify the
♯-MMP developed in [Me] for linear systems on uniruled 3-folds. First we recall the
notion of (effective) threshold.
Definition 4.4. Let (T,H) be a Q-factorial uniruled 3-fold and H an irreducible
and reduced Weil divisor on T . Let
ρ = ρH = ρ(T,H) =: sup {m ∈ Q|H +mKT is an effective Q-divisor } ≥ 0,
be the (effective) threshold of the pair (T,H).
Remark 4.5. The threshold is not a birational invariant of the pair and it is not
preserved by blowing up. Consider a quadric cone Q ⊂ P3 and let Y → P3 be the
blow up of the vertex then ρ(Y,QY ) = 0, while ρ(P
3, Q) > 0.
Keeping in mind the surface case we want to use the threshold to single out a
Mori fiber Space after a LMMP and then use this “simplified” model to prove the
Cremona equivalence to a plane. To do this we need to start from a pair with mild
singularities, say (Y, SY ), and run a LMMP in a way to get a nice MfS structure
with respect to the strict transform of S.
Remark 4.6. Let us stress a point where the 3-fold and surface cases are quite
different. Assume that ρ(Y, SY ) = 0. In this case SY is birationally trivial along
fibers of the MfS associated. While for surfaces this is an easy case for 3-folds it is
extremely hard to extract enough information from the Mori fiber space associated.
The main difficulty comes from rational conic bundles, that are not scrolls. The
knowledge of these 3-folds is very poor. Even assuming the standard conjectures,
like Cantor or Iskovskikh rationality criteria, it is very difficult to guess any kind
of birational embedding of ST in P
3.
The remark suggests to introduce the following variants.
Definition 4.7. Let (Y, SY ) be a 3-fold pair birational to a 3-fold pair (T, S). We
say that (Y, SY ) is a good birational model if Y has terminalQ-factorial singularities
and SY is a smooth Cartier divisor. The sup-threshold of the pair (T, S) is
ρ(T, S) := sup{ρ(Y, SY )},
where the sup is taken on good birational models.
Remark 4.8. It is clear that any pair (P3, S) Cremona equivalent to a plane satisfies
ρ(P3, S) > 0. The pair (P3, H), where H is a plane, is a good model with positive
threshold.
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Considering birationally super-rigid MfS’s one can produce examples of pairs,
say (T, S), with ρ(T, S) = 0. It is not clear to us if such examples can exist also on
3-folds with bigger pliability, [CM].
The main result we need in this contest is the following modification of [Me,
Theorem 5.3].
Theorem 4.9. Let (P3, S) be a pair with S a rational surface. Assume that for some
good model (T, ST ) the divisor KT + ST is not pseudoeffective and ρ(P
3, S) > 0.
Then (P3, S) has a good birational model in the following list:
i) a rational Q-Fano 3-fold T of index 1/ρ > 1, with KT ∼ −1/ρST , of the
following type:
a) (P(1, 1, 2, 3),O(6))
b) (X6 ⊂ P(1, 1, 2, 3, a), X6 ∩ {x4 = 0}), with 3 ≤ a ≤ 5
c) (P(1, 1, 1, 2),O(2k)), with k = 1, 2,
d) (X4 ⊂ P(1, 1, 1, 2, a), X4 ∩ {x4 = 0}), with 2 ≤ a ≤ 3
e) (P3,O(a)), with a ≤ 3,
f) (X3 ⊂ P(1, 1, 1, 1, 2), X3 ∩ {x4 = 0}),
g) (Q3,O(b)), with b ≤ 2, X2,2 ⊂ P5,O(1)), a linear section of the Grass-
mann variety parametrising lines in P4, embedded in P9 by Plucker
coordinates;
ii) a bundle over P1 with generic fibre (F, ST |F ) ∼= (P
2,O(2)) and with at most
finitely many fibres (G,ST |G) ∼= (S4,O(1)), where S4 is the cone over the
normal quartic curve and the vertex sits over an hyper-quotient singularity
of type 1/2(1,−1, 1) with f = xy − z2 + tk, for k ≥ 1, [YPG];
iii) a quadric bundle over P1 with at most cA1 singularities of type f = x
2 +
y2 + z2 + tk, for k ≥ 2, and ST |F ∼ O(1);
iv) (P(E),O(1)) where E is a rk 3 vector bundle over P1;
v) (P(E),O(1)) where E is a rk 2 vector bundle over a rational surface W ;
Proof. The hypothesis and Lemma 1.5 yield that KY +SY is not pseudoeffective
for any good birational model. That is ρ(Y, SY ) < 1.
Fix a good birational model (Y, SY ) with ρ(Y, SY ) > 0. We mimic the proof of
[Me, Theorem 5.3]. The main difference is that we are assuming that the 3-fold is
rational and S is not a big linear system but a fixed divisor.
Let us start a LMMP for the pair (Y, (1 − ǫ)SY ), for 0 < ǫ ≪ 1. Let [C] be the
class of an extremal ray encountered along the program. If C ·SY ≥ 0 then this is a
usual step of #-MMP and the birational transformation associated produce a new
good birational model (Y 1, S1), see [Me, Proposition 3.6]. Assume that SY ·C < 0
and let ϕ : Y 99K Y ′ be the birational modification associated. Then all curves
numerical proportional to C are contained in SY . By construction we have
0 < ρ(Y, SY ) ≤ ρ(Y
′, ϕ∗SY ),
the 3-fold Y is rational. Hence SY is not ϕ-exceptional and ϕ|SY is a well defined
morphism. In particular ϕ is an isomorphism in codimension 1. By hypothesis
(KY + SY ) ·C < 0 and the normality of SY yields that (C ·C)SY < 0. This means
that the exceptional locus of ϕ|SY is a bunch of disjoint (−1)-curves on SY . Let C1
be an irreducible component of this exceptional locus, and ν : Z → Y the blow up
of C1 with exceptional divisor E. By construction we have ν
∗SY = SZ + E. Let
18 MASSIMILIANO MELLA AND ELENA POLASTRI
Γ = SZ ∩ E, then we have
E · Γ = (Γ · Γ)SZ = −1, and (Γ · Γ)E = SZ · Γ = SY · C − E · Γ ≤ 0,
where for the latter inequality we used that SY · C is a negative integer. This
means that Γ is either a ruling of E or the exceptional section. In other words
NC1/Y
∼= O(−1)⊕O(−a), for some integer a > 0. Hence ϕ is a generalized Francia’s
antiflip (or Atiyah’s flop if a = 1) and ϕ(SY ) is a smooth surface on the smooth
locus of the terminal Q-factorial 3-fold Y ′. This shows that after finitely many
birational modifications we end up with a good birational model in the list in [Me,
Theorem 5.3] with T rational. In particular for Fanos it is enough to amend the list
in [Me] using the list of non rational smooth Fanos in [Is, Theorem 5]. This gives
all cases from i) through v). 
Let us start to prove some Cremona equivalences.
Lemma 4.10. Assume that (T, ST ) is in cases ii)–v) of the above list. Then the
surface (T, ST ) is birational to (P
3, H), where H is a plane.
Proof. We treat the different possibilities separately.
Case 4.11 (ii). Let η be the general point of the base P1. Consider Fη ∼= P2η, the
generic fibre of T , and Cη the generic fibre of ST , a conic. Then by Tsen’s theorem
Cη has many rational points. Choose three general points on Cη and do a standard
Cremona transformation on Fη centered at these points. This sends Fη to P
2
η and
Cη to a line lη. This induces a birational modification on T and shows that (T, ST )
is birational to a pair in case iv).
Case 4.12 (iii). As in the previous case let η be the generic point of the base P1.
Then Fη ∼= Qη ⊂ P3η is the generic fibre of T and Cη is again a conic with many
points. The projection from a point sends Fη to P
2
η and Cη to a line lη. Therefore,
also in this case the pair (T, ST ) is birational to a pair in case iv).
Case 4.13 (iv). Via elementary transformations centered in a bunch of points we
can modify (T, ST ) into the pair (P(O⊕2⊕O(−1)),O(1)). This shows that (T, ST ) is
birational to a surface S ⊂ P3 of degree d with a line of multiplicity d−1. Let l ⊂ S
be this line. To conclude these cases we prove by induction on the degree d that S
is Cremona equivalent to a plane. The case d = 2 is immediate. Let ω : P3 99K P3
be the T2,3 map, given by the linear system
|O(2)⊗ Il ⊗
3
1 Ipi |
where pi are general points of S. Let l
′ be the image of the plane 〈p1, p2, p3〉 via ω,
keep in mind Construction 1.7. Then ω(S) ⊂ P3 is a surface of degree
3d− 2(d− 1)− 3 = d− 1
with the line l′ of multiplicity 2d− (d − 1)− 3 = d − 2. We conclude by induction
hypothesis.
Case 4.14 (v). Let D ⊂ T be a general very ample divisor, and
Γ := ST ∩D
the smooth intersection, keep in mind that ST is smooth. Let elmΓ : T 99K T1
be the elementary transformation centered on Γ. Let S1 := elmΓ(S), then as we
observed in Construction 1.10 T1 is still a scroll over the rational surface W , and
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S1 ∼= W . Let ν : W 99K P2 be a birational map. Then, as explained in [Me, 5.7.4],
we can follow this birational map on the 3-fold. This produces a birational map
φ : T1 99K T
′ and diagram
T1
pi

φ
// T ′
pi′

W ν
// P2
In this way we end up with a pair (T ′, S′), birational to (T, ST ), with T
′ a scroll
over P2 and S′ ∼= P2 a section. Then S′|S′ ∼ O(s) for some s ≤ 0. If s < 0 consider
a curve C ⊂ T ′ with π′∗(C) ∼ O(s) and C ∩S
′ = ∅. Then elmC modify (T ′, S′) into
(P2 × P1, F ), with F = p∗(OP1(1)). To conclude it is then enough to project from
two general points of this 3-folds in its Segre embedding.

We are ready to characterize surfaces Cremona equivalent to a plane.
Theorem 4.15. Let S ⊂ P3 be an irreducible and reduced surface. The following
are equivalent:
a) S is Cremona equivalent to a plane,
b) ρ(T, S) > 0 and there is a good model (T, ST ) with KT + ST not pseudoef-
fective.
Remark 4.16. The difficult part of the above criteria is the bound on the sup-
threshold. It could be difficult to check it for surfaces S ⊂ P3 such that on a log
resolution the threshold vanishes.
Proof. One direction is clear, keep in mind remark 4.8.
Assume that the conditions in b) are satisfied. Then (P3, S) has a good model,
say (T, ST ) in the list of Theorem 4.9. If (T, ST ) is in cases ii)-v) then S is Cremona
equivalent to a plane by Lemma 4.10.
Assume that T is a Fano as in case i) of Theorem 4.9. We do not have a general
argument. To conclude we have to produce for any variety in the list a birational
map to P3 that sends ST to a surface we are able to treat. Let (T, ST ) be the pair
birational to (P3, S).
Case 4.17 (a, b). Assume first (T, ST ) = (P(1, 1, 2, 3),O(6)). Let ǫ : Y → P3 be the
weighted blow up of the point [0, 0, 0, 1] with weights (1, 2, 3), on the coordinates
(x0, x1, x2), and exceptional divisor E. We choose the coordinate in such a way that
the plane H = (x2 = 0) satisfies
ǫ∗H = HY + 3E,
that is ǫ|HY : HY → H is the weighted blow up (1, 2). In particular on Y there is a
line l, the strict transform of (x1 = x2 = 0), with normal bundle
Nl/Y = O(−1)⊕O(−2)
Let µ : Y 99K Y ′ be the antiflip of l, then H ′ = µ∗HY = P(1, 1, 2) is a cone with
the vertex over a terminal point of type 1/2(1, 1,−1) and we can blow it down
to a smooth point, with a morphism ν : Y ′ → Z. Let us understand what is Z.
20 MASSIMILIANO MELLA AND ELENA POLASTRI
We have rkPic(Z) = 1. Let Λ ⊂ |OP3(1)| be the pencil of hyperplanes through l,
ϕ := ν ◦ µ ◦ ǫ, and ϕ∗Λ = A. Then we have
−KY = ǫ
∗(−KX)− 5E = 4H + (12− 5)E
moreover A := (ν ◦ µ)∗E ∈ A and this yields
−KZ ∼ 7A
By construction 6E is a Cartier divisor. Therefore we find a Fano 3-fold of index
greater than 1 and it is easy to realize that Z ∼= P(1, 1, 2, 3), and A ∼ O(1). Via the
map ϕ we can also easily understand the elements of |OZ(6)|. Let F ⊂ |OP3(3)| be
a cubic surface with multE(F ) = 3. Then
−KY = ǫ
∗(F +H)− 5E = FY +HY + E
hence we get
7A = −KZ = (ν ◦ µ)∗(FY +HY + E) = FV +A,
where FV = ϕ∗(F ) ∈ |OZ(6)|. Equivalently ST ∈ |OZ(6)| is birational to a cubic
and hence to a plane. The pair in b) projects birationally, from the singular point,
to the pair in a).
Case 4.18 (c, d). The pair (P(1, 1, 1, 2),O(2)) is the cone over the Veronese sur-
face, a minimal degree 3-fold, with an hyperplane section. It projects to (P3,O(2))
from two general points in ST . The pair (P(1, 1, 1, 2),O(4)) has been discussed
in Example 4.3. The pairs in d) projects birationally, from the singular point, to
(P(1, 1, 1, 2),O(4)).
Case 4.19 (e, f, g). The quadrics in P3 are easy, think for instance to T2,3. Cubics
with isolated singularities have been treated in Construction 1.8. Cubics with non
isolated singularities are singular along a line and we can apply the proof of case
4.13 in Lemma 4.10. The pair in f) projects, birationally, from the singular point
to (P3,O(3)). Similarly all the pairs in g) project, from a suitable number of points
in ST , to a pair in e).

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